The origin of the black hole (BH) binary mergers observed by LIGO-Virgo is still highly uncertain, as are the boundaries of the stellar BH mass function. The most up-to-date stellar evolution models predict a dearth of BHs both at masses 50 M and 5 M , thus leaving low-and high-mass gaps in the BH mass function. A natural way to form BHs of these masses is through mergers of neutron stars (NSs; for the low-mass gap) or lower-mass BHs (for the high-mass gap); the low-or high-mass-gap BH produced as a merger product can then be detected by LIGO-Virgo if it merges again with a new companion. We show that the evolution of a 2+2 quadruple system (a wide binary system in which each component is itself a binary) can naturally lead to BH mergers with component masses in the low-or high-mass gaps. In our scenario, the BH in the mass gap originates from the merger of two NSs, or two BHs, in one of the two binaries and the merger product is imparted a recoil velocity, which triggers its interaction with the other binary component of the quadruple system. The outcome of this three-body interaction is usually a new eccentric compact binary containing the BH in the mass gap, which can then merge again. As the sensitivity of GW detectors improves, tighter constraints will soon be placed on the stellar BH mass function, thus shedding light on the low-and high-mass gaps and constraining formation channels for merging binaries like the one we explore here.
INTRODUCTION
The existence of stellar-mass black holes (BHs) has been proven beyond any reasonable doubt by LIGO-Virgo observations of 10 BH-BH binary mergers (LIGO Scientific Collaboration et al. 2019 ). However, the likely formation mechanisms for these mergers are still highly uncertain. Several candidates could potentially account for most of the observed events, including mergers from isolated binary star evolution (Belczynski et al. 2016; de Mink & Mandel 2016; Breivik et al. 2019; Spera et al. 2019) , dynamical formation in dense star clusters (Askar et al. 2017; Banerjee 2018; Fragione & Kocsis 2018; Samsing et al. 2018; Hamers & Samsing 2019; Kremer et al. 2019b) , mergers in triple and quadruple systems induced through the Kozai-Lidov (KL) mechanism (Antonini & Perets 2012; Antonini et al. 2014; Arca-Sedda et al. 2018; Liu & Lai 2018; Fragione et al. 2019a,b; Fragione & Kocsis 2019; Liu & Lai 2019) , and mergers of compact binaries in galactic nuclei (Bartos et al. 2017; Stone et al. 2017; Rasskazov & Kocsis 2019; McKernan et al. 2020) .
Also highly uncertain are the exact boundaries of the BH mass function (Perna et al. 2019) . Current stellar evolution models predict a dearth of BHs both with masses 50 M and 5 M , based on the details of the progenitor collapse. The high-mass gap results from pulsational pair-instabilities affecting the massive progenitors. These can lead to large amounts of mass being ejected whenever the pre-explosion stellar core is approximately in the range 45 M − 65 M , leaving a BH remnant with a maximum mass around 40 M − 50 M (Heger et al. 2003; Woosley 2017) . On the other hand, the low-mass gap is related to the explosion mechanism in a core-collapse supernova (SN; see Belczynski et al. 2012; Fryer et al. 2012) . At even lower masses, 3 M , neutron stars (NSs) are thought to populate the mass spectrum of com-pact remnants from stellar collapse. The most massive NS observed to date is about 2.1 M (Cromartie et al. 2020) .
A natural way to form BHs both in the low-and high-mass gap is through mergers of NSs and lower-mass BHs, respectively. To detect such BHs through GW emission, the merger remnant has to acquire a new companion to merge with. This immediately excludes isolated binaries as a progenitor, thus favoring a dynamical channel. A fundamental limit for repeated mergers in star clusters comes from the recoil kick imparted to merger remnants through anisotropic GW emission (Lousto et al. 2010; Lousto & Zlochower 2011) . Depending on the mass ratio and the spins of the merging objects, the recoil kick can often exceed the local escape speed, leading to ejection from the system and thus preventing a second merger in the mass gap (Gerosa & Berti 2019) . For NS-NS mergers that could produce BHs in the low-mass gap, the GW recoil kicks are typically less strong since the encounter takes place at a larger gravitational radius than BH-BH mergers, but hydrodynamic effects could become important instead (Shibata et al. 2005; Rezzolla et al. 2010) . For BHs, a number of studies have shown that massive globular clusters (Rodriguez et al. 2019) , nuclear clusters (Antonini et al. 2019), and AGN disks (McKernan et al. 2020 ) are the only environments where second-generation mergers can take place, owing to their high escape speed. For NSs, detailed calculations show that NS-NS mergers are so rare in globular clusters that the retention and second merger of a resulting low-mass-gap BH is extremely unlikely (Ye et al. 2020) .
Bound stellar multiples are common in the Universe. Observations have shown that the fraction of massive stars, progenitors of NSs and BHs, that have at least one or two stellar companions is ∼ 50% and ∼ 15%, respectively (Sana et al. 2013; Tokovinin 2014a,b; Dunstall et al. 2015; Sana 2017; Jiménez-Esteban et al. 2019) . Quadruple systems are also ob- served and are not rare, with the 2+2 hierarchy (two binaries orbiting a common center of mass) being the most frequent configuration. For instance, Riddle et al. (2015) found a ∼ 5% abundance of 2+2 quadruples. These systems eventually can produce quadruples of compact objects. Just like triple systems, quadruples can undergo KL cycles, but they have a larger portion of the phase space where excursions to high eccentricity can occur (Pejcha et al. 2013; Grishin et al. 2018 ). As a consequence, even though quadruples are rarer, the fraction of systems that that produce mergers is higher compared to triples (Fragione & Kocsis 2019; Liu & Lai 2019) . In a recent paper, Safarzadeh et al. (2020) proposed that two episodes of KL-induced mergers would first cause two NSs to merge and form a low-mass-gap BH, which can subsequently merge with another BH in a 3+1 quadruple. However, even a small recoil kick for the first NS-NS merger remnant could possibly unbind the outer orbits, thus preventing a second merger. Moreover, the 3+1 systems they considered are typically less common in nature than the 2+2 hierarchies. In this Letter, we show that 2+2 systems can lead to BH mergers in both the low-and high-mass gap. In our scenario, the BH in the mass gap (resulting from the first merger, of either two NSs or two BHs) is imparted a recoil kick, which triggers its interaction with the second binary in the system (see Figure 1 ). The outcome of the interaction, as we show below, will often be a new binary containing the BH in the mass gap and merging within a Hubble time with another BH.
The paper is organized as follows. In section 2 we discuss the formation and recoil of BHs in the low-and high-mass gaps within 2+2 quadruples. In Section 2 we provide a numerical demonstration of the proposed mechanism. Finally, we discuss the model and draw our conclusions in Section 4.
BLACK HOLES IN THE LOW-AND HIGH-MASS
GAPS IN 2+2 QUADRUPLES We start by describing the basic steps that lead to the production of BHs in the low-and high-mass gaps in 2+2 quadruples.
To produce a 2+2 system of compact objects, each of the two stellar binaries in the progenitor quadruple has to be stable against dynamical perturbations by the companion binary. This can be ensured by requiring the 2+2 system to satisfy the stability criterion for hierarchical triples derived in, e.g., Mardling & Aarseth (2001) , assumed to be valid for quadruple systems if the third companion is appropriately replaced by a binary system,
Here, a out and e out are the semi-major axis and eccentricity of the outer orbit, m out the total mass of the binary companion, and m in and a in the total mass and the orbital semi-major axis of the binary that we require to be stable (see Figure 1 ). Quadruple systems can experience significant KL oscillations already on the main sequence, which could drive them to merge prematurely during this phase, whenever the KL cycles are not damped by relativistic or tidal precession Michaely & Perets 2014) . However, the exact evolution could be much more complicated whenever episodic mass loss occurs due to eccentric Roche-lobe overflow and/or if common envelope phases in the quadruple were to happen on timescales comparable to the KL oscillations (Hamers & Dosopoulou 2019; Di Stefano 2019) .
After its main-sequence lifetime is over, the most massive star explodes to form a compact object, followed in sequence by the other stars in the quadruple, according to decreasing progenitor mass. After every explosive event, the system is imparted a kick as a result of the mass loss (Blaauw 1961) and a natal kick due to recoil from an asymmetric supernova explosion. The latter typically follows a Maxwellian distribution, with a characteristic velocity dispersion σ. The value of σ is highly uncertain, and can be ∼ 100 km s −1 (Arzoumanian et al. 2002) or as high as ∼ 260 km s −1 Hobbs et al. (2005) for NSs. On the other hand, the kick can be as low as zero for electron-capture SNe (Podsiadlowski et al. 2004) . For BHs, a common assumption is that the momentum imparted to a BH is the same as the momentum given to a NS, assuming momentum conservation (Fryer & Kalogera 2001) . As a consequence, the kick velocities for BHs should be typically lower by a factor of m NS /m BH with respect to NSs (m NS and m BH are the NS and BH mass, respectively).
After a quadruple of compact objects is formed and is stable according to Eq. 1, BHs and NSs in each of the two binaries in (2019) showed that, even though quadruples are rarer, the fraction of systems that merge is higher with respect to triples owing to a more complex dynamics. The merger remnant is imparted a recoil kick owing to asymmetries at the moment of the merger. The recoil kick for BH-BH mergers depends on the mass ratio and the spins of the merging objects. For NS-NS mergers, its magnitude could be much smaller since the encounter takes place at a larger gravitational radius, but hydrodynamic effects could become important (Lousto et al. 2010; Lousto & Zlochower 2011; Rezzolla et al. 2010 ). In Figure 2 
where µ = m 12 m 34 /m tot is the quadruple reduced mass, and m 12 = m 1 + m 2 and m 34 = m 3 + m 4 . To ensure a resonant encounter and that the outcome of the encounter of m 12 against the binary companion (m 3 -m 4 ) is a binary system, the kick velocity should not be much larger than the m 3 -m 4 orbital speed, v kick 100 km s −1 µ 34 10 M 1/2 a 34 1 AU
where µ 34 = m 3 m 4 /(m 3 + m 4 ) is the reduced mass of the companion binary. With these conditions satisfied, the velocity kick vector also has to lie in the solid angle,
where B > 1 is the gravitational focusing factor in the scattering cross-section, T GW (T H ) Figure 3 . Distribution of semi-major axes (a) and eccentricities (e) of the binary systems that contain a low-mass-gap BH that merge in a Hubble time, for the 6 different models in Table 1 . These merging systems are formed through the mechanism discussed in Section 2.
where m tot is the total quadruple mass.
3. NUMERICAL EXAMPLE In this Section, we provide a numerical example of the above scenario producing a merger in the low-or high-massgap from a 2+2 quadruple system. For simplicity, we consider the system after the formation of all compact objects 1 , 1 It would be sufficient that either m 3 or m 4 is a compact object. In this case, collisions with non-compact stars may occur in resonant encounters. thus ignoring the details of the quadruple evolution before the formation of BHs and NSs. Many effects (natal kicks, common envelope phases, mass transfer from winds or Rochelobe overflow, etc.) could be significant and some fraction of the quadruple population will not survive. We leave detailed calculations of all these effects to future work, and simply demonstrate that a BH merger in the low-and high-mass gaps is possible in 2+2 quadruples, whenever their stellar progenitors can successfully produce a quadruple of compact objects.
Further, we assume that the merger of two NSs (BHs) has 0.5 1.0 1.5 2.0 2.5 a (AU) Figure 4 . Distribution of semi-major axes (a) and eccentricities (e) of the binary systems that contain a high-mass-gap BH merging within a Hubble time, for the 6 different models in Table 1. produced a BH in the low-(high-) mass gap of mass m 12 (see Fig. 1 ), which is imparted a recoil kick v kick and interacts with the components of the other binary, with component masses m 3 and m 4 . We use the FEWBODY numerical toolkit for computing these 1+2 close encounters (Fregeau et al. 2004 ), which can result in a new binary containing a BH in either the low-or high-mass gap, that could later merge within a Hubble time. We take into account the different masses of the compact objects involved in the interaction, the semi-major axis a 34 of the binary (assumed to be on a circular orbit), and different recoil kick velocities (see Eqs. 2-3). The impact parameter is drawn from a distribution
where b max is the maximum impact parameter of the scattering experiment defined in Eq. 5. We study 12 different models, 6 for the merger of a BH in the low-mass gap and 6 for the merger of a BH in the high-mass gap (Table 1) . We run 10 5 integrations for each model, for a total of 1.2 × 10 6 inte-grations. We show in Figure 3 the distribution of semi-major axes (a) and eccentricities (e) of the binary systems that contain a low-mass-gap BH (3 M ) merging within a Hubble time, for the 6 different models (Low1-6) in Tab. 1. In these runs, we fix m 3 as the BH primary, while m 4 < m 3 is taken to be as a NS or a secondary BH. We find that both resonant and nonresonant encounters can produce binaries containing a BH in the low-mass gap. In Model Low1 (m 3 = 30 M , m 4 = 1.4 M , a 34 = 1 AU, v kick = 10 km s −1 ), the fraction of binaries that merge after formation is 1.4 × 10 −2 . These systems have typical initial semi-major axis 2.2 AU and eccentricity 0.1. We find that a larger m 3 mass (Model Low2) does not significantly affect the properties and the fraction of merging binaries, while they change for more massive secondary m 4 masses (Models Low3-4). In this case, merging binaries are formed with smaller semi-major axes and the merging fraction is 2.3 × 10 −3 for m 4 = 10 M . Larger values of a 34 and v kick decrease the fraction of merging systems to 7.3 × 10 −4 and 7.1 × 10 −3 , respectively, with the former also producing wider merging binaries.
In Figure 4 , we show the distribution of semi-major axes (a) and eccentricities (e) of the binary systems that contain a high-mass-gap BH merging in a Hubble time, for the 6 different models (High1-6) in Table 1 . We consider m 3 and m 4 as the BH primary and secondary, respectively. Also in this case, we find that both resonant and non-resonant encounters can produce binaries containing a BH in the high-mass gap. In Model High1 (m 12 = 70 M , m 3 = m 4 = 30 M , a 34 = 1 AU, v kick = 10 km s −1 ), the fraction of binaries that merge after formation is 1.2×10 −1 . Typical initial semi-major axes are 2.7 AU and the binaries can even be formed circular unlike the case of the low-mass-gap mergers, owing to the larger masses involved in the scenario. A larger m 12 (Model High2) does not affect the properties and the merger fraction of the binaries being formed, while larger m 3 and m 4 masses (Models High3-4) produce more compact binaries and the fraction of mergers increases to 1.7 × 10 −1 − 2.4 × 10 −1 . As in the low-mass-gap case, larger values of a 34 and v kick decrease the fraction of merging systems to 4.1 × 10 −3 and 9.3 × 10 −2 , respectively.
CONCLUSIONS
In this Letter, we have shown that 2+2 quadruple systems can lead to BH mergers in the low-( 5 M ) and high-mass gap ( 50 M ). In our scenario, the BH in the mass gap originates from the merger of two NSs or BHs in one of the two binaries of the quadruple and is imparted a kick velocity, which triggers its interaction with the second binary of the system. The outcome of the encounter will eventually be a new binary containing the BH in the mass gap and merging with a new BH companion within a Hubble time. We have demonstrated how this mechanism works by considering different masses of the compact objects involved in the interaction, different semi-major axes of the companion binary in the 2+2 quadruple, and different recoil kick velocities. We have shown that smaller recoil kicks and larger primary masses in the companion binary produce a larger number of merging BHs in the low-and high-mass gaps. Fragione & Kocsis (2019) showed that the fraction of quadruples that merge is higher with respect to triples owing to a more complex dynamics. As a result, the merger rate from quadruples could be comparable to that from triples, 1-30 Gpc −3 yr −1 (Rodriguez & Antonini 2018; Fragione & Kocsis 2020) , even though quadruples are rarer. For the parameters we have explored in our numerical experiments (see Table 1 ), we have found that the fraction of systems that merge in the low-and high-mass gap is ∼ 10 −3 − 10 −2 and ∼ 10 −3 − 10 −1 , respectively. Therefore, the merger rate from our proposed mechanism could be in principle as high as ∼ 10 −3 − 10 −1 Gpc −3 yr −1 . This will likely decrease when accounting for the proper kick velocity magnitude (Eqs. 2-3). Interestingly, this mechanism could also account for much more extreme mass ratios in the merging BH-BH binaries, unlike those in mergers from isolated binaries or cluster dynamics, which are never far from unity (Belczynski et al. 2016; . We also predict that these systems would appear very nearly circular in the LIGO-Virgo frequency band, contrary to the KL-induced mergers in hierarchical triple systems (e.g. Fragione & Kocsis 2020) . Finally, this scenario can also produce electromagnetic counterparts whenever the components of the second binary (which interact with the first merger product) are not both BHs. In that case a merging BH-NS binary can be produced, or a non-compact star could collide with one of the BHs during the interaction (Fragione et al. 2019c; Kremer et al. 2019a) .
As the detector sensitivity is improved, hundreds of merging binary signals are expected to be detected by LIGO-Virgo in the next few years, and tighter constraints will be placed on the BH mass function, thus shedding light on the low-and high-mass gaps, and testing formation mechanisms for populating them (Kovetz et al. 2017; Fishbach et al. 2019 ).
